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Erhan Bayraktar*, loannis Karatzas^, Song Yao"'- 



Abstract 

We use martingale and stochastic analysis techniques to study a continuous-time optimal stopping problem, 
in which the decision maker uses a dynamic convex risk measure to evaluate future rewards. We also find 
a saddle point for an equivalent zero-sum game of control and stopping, between an agent (the "stopper") 
who chooses the termination time of the game, and an agent (the "controller", or "nature") who selects the 
probability measure. 

Keywords: Convex risk measures, continuous-time optimal stopping, robustness methods, zero sum games, 
saddle point, reflected backward stochastic differential equations, BMO martingales. 

1 Introduction 

Let us consider a complete, filtered probability space (O, J^,P),F — {J-t}t>o , and on it a bounded, adapted process 
Y that satisfies certain regularity conditions. Given any stopping time v of the filtration F, our goal is to find a 
stopping time r, {v) S Si,_t that satisfies 



P 



a.s. 



(f.l) 



Here 5^,t is the set of stopping times 7 satisfying v < ^ < T , P— a.s., and the colle ction of functionals i p^,. 



L°°(J-^) 



is a "dynamic convex risk measure" in the sense of iDelbaen et al 



2009^ . 



Our 



motivation is to solve the optimal stopping problem of a decision maker who evaluates future rewards/risks using 
dynamic convex risk measures rather than statistical expectations. This question can also be cast as a robust optimal 
stopping problem, in which the decision maker has to act in the presence of so-called "Knightian uncertainty" 
regarding the underlying probability measure. 

When the filtration F is generated by a Brownian motion, the dynamic convex risk measure admits the 
following representation: There exists a suitable nonnegative function /, convex in its spatial argument, such that 
the representation 



(0 



ess sup Eq 

QeQ,. 



f{s,9f)ds 



P-a.s. 



holds for all ^ e L°°(JF^). Here Qi, is the collection of probability measures Q which are equivalent to P on JF, equal 
to P QM and satisfy a certain integrability condition; whereas 9^ is the predictable process whose stochastic 
exponential gives the density of Q with respect to P . In this setting we establish a minimax result, namely 



V(y) — ess sup essinf _Eq 



Y^ 



f{s,9f)ds 



ess inf ess sup Eq 



f{s,9f)ds 



(1.2) 
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and construct an optimal stopping time t(i>) as the limit of stopping times that are optimal under expectation 
criteria — see Theorem 13.11 We show that the process {l{t>^].y(T(i/) ^i)}jg[oT] admits an RCLL modification 
y"'" such that for any 7 S 5o,t, we have V^-" = 1{^>^} V^(r(i') A 7), P— a.s. We show that the stopping time 

Ty(i/) = inf {< G [iy,T] 
stochastic game in (|1.2p 

The discrete- time optimal stopping problem for coherent ri sk measures wa s stu died by 



V^''^ = Yj} attains the infimum in p.ip . Finally, we construct a saddle point of the 



Follmer and Schied 



2004, 



Section 6.5] and Cheridito et al. 2006 . Sections 5.2 and 5.3]. Delbaen 2006| and Karatzas and Zamfirescu 2006 1. 
on the other hand, considered continuous-time optimal stopping problems in which the essential i nfimum over the 
stop ping times in (11.11) is replaced by an essential supremum. The controUer-and-stopper proble m of Lepeltier 1985 1 
and Karatzas and Zamfirescu 2008 1, and the optimal stopping for non- linear expectations in Bavraktar and Yaol 
[2009! ] ■ are the closest in spirit to our work. However, since our assumptions on the random function / and the 
set Qv are dictated by the representation theorem for dynamic convex risk measures, the results in these papers 
cannot be directly applied. In particular, because of the integrability assumption that appears in the definition 
of Qi, fsubsection II. ip . this set may not be closed under pasting; see Remark 13.31 Moreover, the extant results 
on controUcr-and-stopper games would require that / and the ^'^'s be bounded. We overcome these technical 
difficulties by using approximati on arguments which rely on trun cation and localization techniques. On the other 
hand, in finding a saddle point iKaratzas and Zamfirescij 20081 ] used the weak compactness of the collection of 
probability measures, in particular the boundedness of O^^s. We avoid making this assumption by using techniques 
from Reflected Backward Stochastic Differential Equations (RBSDEs). In particular, using a comparison theorem 
and the fact that V can be approximated by solutions of BSDEs with Lipschitz generators, we show that V solves 
a quadratic RBSDE (QRBSDE). The relationship between the solutions of QRBSDEs and the BMO martingales 
helps us construct a saddle point. We should point out that the convexity of / is not needed to derive our results; 
cf . Remark 13.11 

The layout of the paper is simple. In Section [2] we recall the definition of the dynamic convex risk measures 
and a representation theorem. We solve the optimal stopping problem in Section [3l In Section [4] we find a saddle 
point for the stochastic controUer-and-stopper game in (jl.2p . The proofs of our results are given in Section [S] 



1.1 Notation and Preliminaries 



Throughout this paper we let B be a d-dimensional Brownian Motion defined on the probability space {il,T,P), 
and consider the augmented filtration generated by it, i.e., 

F = {J^t = cr{Bs; s e [0, t]) V ■^}^yf), where A/" is the collection of aU P-nuU sets in T. 

We fix a finite time horizon T > 0, denote by ^ (resp. ^) the predictably (resp. progressively) measurable a-field 
on X [0,T], and let Sq^t be the set of all F-stopping times ly such that < < T, P— a.s. From now on, when 
writing 1/ < 7, we always mean two stopping times i^, 7 S So,t such that < 7, P— a.s. For any v < ^ we define 
Su,-y = {c e 5o,T I < cr < 7, P— a.s.} and let 5*^ denote all finite-valued stopping times in S^^^ . 

The following spaces of functions will be used in the sequel: 

• Let be a generic sub-cr-ficld of T . 1j^{Q) denotes the space of all real- valued, t?— measurable random variables. 

• L°°(g) = {e e L"(g) : lieiloo = CSS sup < 00}. 

• Lp[0,r] denotes the space of all real- valued, F-adapted processes. 

• L^[0,T] = {X e L^[0,r] : ||X||oo = esssup |Xf(cj)| < 00}. 

{t,uj)e[o,T]xn 

• C^[0, T] = {X e L^[0, T] : X has continuous paths}, p = 0, 00. 

• Cl [0,T] ^\x e CO [0,P] : e( sup \Xt\A < ooj. 
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• H|([0,T];]R'') (resp. H^, ([0, T]; M'*)) denotes the space of all E'^-valued, F-adapted predictably (resp. progres- 
sively) measurable processes X with Ej^ \Xt\'^dt 

• IHI|?([0, T]; M'') denotes the space of all M''- valued, F-adapted predictably measurable processes X with 

ess sup < oo. 

(t,w)e[o,T] xo 

• Kf[0, T] denotes the space of all real- valued, F-adapted continuous increasing processes K with A'o = 0. 

Let us consider the set Ai'^ of all probability measures on which are equivalent to P. For any Q G Ai'^, 

it is well-known that there is an R''— valued predictable process 9'^ with \0f\'^dt < oo, P— a.s., such that the 
density process Z'^ of Q with respect to P is the stochastic exponential of 6**3 , namely, 

=(?(6i'5,B)^ = exp|^ efdBs-^J^ lefl'^ds^ 0<t<T. 

We denote ZQ^ = Z^/ZQ = cxp {/J e^dB^ - \ IJ \0?\'ds'j for any < 7. Moreover, for any v G iSq.t and with 
the notation |0, = £ [0,T] x fl : < t < i^iuj)} for the stochastic interval, we define 

^ {Q £ M" : Q = P on T,,) = {Q £ : 6f{ijj) = 0, dt® dP-&.c. on |0, vl] , 

Qu = [Qer,: EqJ f{s, ef)ds < 00} . 
2 Dynamic Convex Risk Measures 

Definition 2.1. A dynamic convex risk measure is a family of functionals {pu^-y ■ I^°°{J--f) — > L°°(.Fi,)}^^^ which 
satisfy the following properties: For any stopping times v < ^ and any {J- — measurable random variables 
rj , we have 

• "Monotonicity" : pv^^{£,) < Pu,^{ri), P—a.s. if ^ > rj , P—a.s. 

• "Translation Invariance": Pu,'y{^ + *?) = Pi^.-yiO ^ V' P—a.s. if rj £ L,°°{J-,^). 

• "Convexity": p^,j(^X^ + (1 ^ '^)'7) < ^Piy^jiO + (1 ^ ^)Pv,-t{il): P—a.s. for any A G (0, 1). 

• "Normalization" : p^^-y{0) = 0, P—a.s. 

lOelbaen et Zl |2009t provide a representation result. Proposition 12.11 below, for dynamic convex risk measures 



{Pi^.-y} ^<:j that satisfy the following properties: 
(Al) "Continuity from above": For any decreasing sequence {^n} C L°°(jr^) with ^ = lim | ^„ G it 

n — 'OO 

holds P—a.s. that lim | Pu.-yi£,n) — Pv,-y{C)- 
(A2) "Time Consistency": For any <j G ^u^f have: Pu^ai^ Pa".7(C)) — Pi^^i^^^^ ^ — a.s. 
(A3) "Zero-One Law": For any A G Jv, we have: p^,^{\aO — '^A Pu,■y{0^ P—sl-S. 
(A4) cssinf [^Ij^l = 0, where A = G L^^fJ^V) : Pt t(0 < 0}. 

Proposition 2.1. Let {Pi^.-y} ^^^^ be a dynamic convex risk measure satisfying (Al)-(A4). Then for any v <^ and 

^ G L°°(JF^) , we have 

i-i 



Pv,i{C) = ess sup Eq 



<- r f{s,e?)ds 



p-a.s. (2.1) 



Here / : [0, T] x i7 x — > [0, 00] is a suitable measurable function, such that 
(f 1) /(•, •, z) is predictable for any z G R'' ; 

(f 2) /(t, oj, •) is proper convex, and lower semi- continuous for dt ® dP—a.e. {t, uj) G [0, T] x f2 ; and 
(f3) f{t,Lu,0) ^0, dt(»dP-a.e. 
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of the essential extrema as in 



We refer to lRockafellan 1997 1, p. 24 for the notion of "proper co nvex function" , and review some basic properties 



Neveul |1975l Proposition VI- 1-1] or lFoUmer and Schiedl |2004 Theorem A. 32] 



Lemma 2.1. Let {Ci}iei '^i^d {rii}ii=x be two classes of J- -measurable random variables with the same index set I. 

(1) If < {—) rji, P—a.s. holds for all i Czl, then esssup^i < (=) esssupTy^, P—a.s. 

(2) For any A E T , it holds P—a.s. that esssup(l/i^i -f XA^Vi) — lAesssupfi -I- l^^c esssupjyi. In particular, 
esssup (lyi^i) = l^esssup^i, P—a.s. 

(3) For any J-' -measurable random variable 7 and any X > 0, we have ess sup (A^^ + 7) = Aesssup^i -t- 7, P—a.s. 
Moreover, (l)-(3) hold when we replace esssup by essinf . 

3 The Optimal Stopping Problem 

In this section we study the optimal stopping problem for dynamic convex risk measures. More precisely, given 
V G Sq,t, we seek an optimal stopping time t*{v) G Sv,t that satisfies (jl.ip . We shall assume throughout that the 
reward process Y € L^[0,T] is right-continuous and Qq— quasi-left-continuous: to wit, for any increasing sequence 

{i^njneN in So,T with ly = lim 1 Vn ^ ^o.t , and any Q G Qo > we have 

lim Eq[Y,JJ^,,] < Eq[Y,\T,,], P-a.s. 

n — >oo 

In light of the representation (j2.ip . we can alternatively express (|l.ip as a robust optimal stopping problem, in the 
following sense: 



esssup essinf i?Q 



f{s,9f)ds 



ess inf En 



f{s,ef)ds 



(3.1) 



Remark 3.1. We will study the robust optimal stopping problem (j3.ip in a setting more general than alluded to 
heretofore: From now on, we only assume that / : [0,T] x f2 x — > [0, (X)] is a 3^ ® ii§{W^) / S§(\0,oo\) -measurable 
function which satisfies (f3); i.e., the convexity (f2) is not necessary for solving (j3.ip . 



In order to find a stopping time which is optimal, i.e., attains the essential supremum in (13. ip . we introduce the 
lower- and upper-value, respectively, of the stochastic game suggested by (|3.ip . to wit, for every v G 5o,t : 



A 



Vlv) = esssup essinf iSn 



f{s,df)ds 



V{v) = essinf esssupE'g Y^ + f(s,9f)ds 



In Theorem 13. II we shall show that the quantities Vjv) and V(y) coincide at any v G 5o,t, i.e., a min-max theorem 
holds; we shall also identify two optimal stopping times in Theorems 13.11 and 13.21 respectively. 

Given any probability measure Q G Qo i l^t us introduce for each fixed v G 5o.t the quantity 



E9(y) = esssup£:Q Yq+ / f{s,ef)ds 



ess sup Eq 



f{s,ef)ds 



> Y, 



(3.2) 



and recall from the classical theory of optimal stopping (see El Karoui 1981 1 or Karatzas and Shreve 19981 Ap- 
pendix D]) the following result. 

Proposition 3.1. Fix a probability measure Q € Qo- 

(1) The process {^R'^ {t)^ ^^^^ admits an RCLL modification R^'^ such that, for any v G 5o,t , we have 



(3.3) 
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(2) For every v e 5o,t , the stopping time t'^ [v) = mi{t £ [i^,T] : Rf'^ = Yt} E S^^t satisfies for any 7 e S^J .,.Q(^^,^ 



Eq 

En 



Er 



rQ{tQ[v))+ f{s,9?)ds 



R'^h)+ / f{s,9f)ds 



, P—a.s. 



(3.4) 



Therefore, r'^iy) is an optimal stopping time for maximizing Eq / f(^s,9f)ds 



over C, e S^^T- 



For any v G 5o,t and fc G N, we introduce the collection of probability measures 

Qt = {Q^'Pi^- V/(t,w,0?(cj)) < fc, dt^dP-a.e. on p,Tjy 

Remark 3.2. It is clear that C Qi/ ; and from (f 3) one can deduce that for any v <^ we have 

C and C V fc G N. 

Given a Q G Qi, for some v G 5o,t, we truncate it in the following way: The predictability of process 9'^ and 
Proposition 12.11 imply that {/(t, }(g[o t] ^ predictable process. Therefore, for any given fc G N, the set 



A 



[[t,uj)E\y,T\: \9f{Lo)\yf{t,u;,9f(u;))<k] G ^ 



(3.5) 



,fc A 



is predictable. Then the predictable process 9^ ' — I^q 9^ gives rise to a probability measure Q"' G via the 



A 



N. 



recipe dQ"' = S(9^ ' • Bj^dP . Let us define the stopping times 

= inf |i G [0, T] : J* \9'^\^ds > m| AT, me 

There exists a null set N such that, for any ui E il\N , we have cr^(w) = T for some m = m(ti;) G N. Since 
E J^"^ \9f\'^dt < m holds for each m G N , we have |6'f'^(w)| < 00, dt (g) dP-a.e. on |0, cr^]. 

As f U |0, crQ] ) U ([0, T] X iV) = [0, T] X 17 , it follows that \9^ (uj)] < 00 holds dt ® dP~a.e. on [0, T] x rj. 

On the other hand, since Q G Q,y we have Eq f(^s,9^)ds < 00, which implies lj^ rpj{t,Lu) f(t,Lu,9f{uj)^ < 00 
holds dt (g) dQ—a.s., or equivalently dt €5 dP—a.e. Therefore, we see that 



lim f l^Q — Ij^^Tj, dt ® dP—a-.e. 



(3.6) 



For any v G <So,t, the upper value V{v) can be approximated from above in two steps, presented in the next 
two lemmas. 



Lemma 3.1. Let v G 5o,t- i^) For any 7 G Sy^T we have 

r n 1 r f 

essinfi;Q / f(s,9f)ds = lim j essinf^Jg K,+ / f(s,9'^)ds 

(2) It holds P-a.s. that 

Viv) = cssMR^M = lim I essinf 
Lemma 3.2. Let fc G N and v G 5o,t • 

(1) For any 7 G iSi/,t there exists a sequence {Q^''^}nGN C Q!1 such that 

^7+ r f{s,0?)ds .fJ = limi^ r f{s,9?"'')ds 



ess inf Er 



(2) There exists a sequence {Qi!^^}neN C such that 



essinf i?'5(jy) = lim ii?'3""(j/), P-a.s. 



P-a. 



(3.7) 



(3.8) 



(3.9) 



(3.10) 
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Let us fix J/ G 5o,T- For any fc G N, the infimum of the family {t'^ {'^)}qi£qI' of optimal stopping times can be 
approached by a decreasing sequence in this family. As a result, the infimum is also a stopping time. 



Lemma 3.3. Let v G Sq^t o-iT-d k eN. There exists a sequence {Qit^}nefi ^ Qt such that 

Tk{v) = essinf t^{v) = lim [ t'^"\v), P-a.s. 

in the notation of Provosition COl thus Tk{i') £ S^^t- 

Since {Qjij^gj^ is an increasing sequence, {jki^)^ f^^^ is in turn a decreasing sequence. Hence 

t{u) ^ lim I Tkiv) 

k^oo 



(3.11) 



defines a stopping time in S^^t- The family of stopping times {T{i')}ueSo t ^il^ pl^'Y ^ crucial role in this section. 

The next lemma is concerned with the pasting of two probability measures. 
Lemma 3.4. Given v e iSo,t, Q G Qj; /or some fc G N. For any Q £ Qv and 7 G Su,t, the predictable process 



A 



(3.12) 



A 



induces a probability measure Q' G Qv by dQ' = <?{0'^ •B)^dP . If Q belongs to Ql , so does Q' . Moreover, for 
any a G S-^^t, we have 



(3.13) 



Remark 3.3. The probability measure Q' in Lemma \3.4\ is called the pasting 0/ Q and Q; see e.g. Section 6.7 of 
Fdllmer and Schied fiOOA]. In general, Q^, is not closed under such "pasting". 



The proofs of the following results use schemes similar to the ones in iKaratzas and Zamfirescd 2008l | . The 
main technical difficulty in ou r case is mentioned in Remark 13.31 Moreover, in order to use the results of 
Karatzas and Zamfirescu 2008| directly, we would have to assume that / and the 9'^ 's are all bounded. We 
overcome these difficulties by using approximation arguments that rely on truncation and localization techniques. 

First, we shall show that at any i/ G Sq^t we have y_{i^) = ¥{1^) , P— a.s. 
Theorem 3.1. Existence of Value: For any v G 5o,t, we have 



Viu) — essinf So 



f{s,9f)ds 



V(y)>Yy, P-a.s. 



(3.14) 



Therefore, the stopping time t{i>) of iS.ll]) is optimal for the robust optimal stopping problem (j3.ip (i.e., attains 
the essential infimum there). 

We shall denote the common value in p.l4p by Viv) ( = Y.it^) = V{i') ) . 

Proposition 3.2. For any v G Sq,t, we have V{T{y)) — i^T(i>) ■ P—a.s. 

Note that t{i>) may not be the first time after i' when the value process coincides with the reward process. 
Actually, since the value process {^(i)}te[o.T] is not necessarily right-continuous, the random time inf{i G [i^,T] : 
V{t) — Yt} may not even be a stopping time. We address this issue in the next three results. 



Proposition 3.3. Given v G Sq,t, Q G Q,^, and 7 G 'Si/,r(i^)7 we have 



Ec 



y(7)+ / f{s,6'^)ds >V{u), P-a.s. 



(3.15) 
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Lemma 3.5. For any i/, 7,(7 G Sq^t, we have the P—a.s. equalities 



l|,/=7> ess inf £:q 



= l{.=,}essmfi?Q 



and 



f{s,ef)d 



f{s,0f)ds 



(3.16) 



(3.17) 



Next, we show that for any given v S iSo,t, the process {l{t>i,}F(T(i/) A t) j,-^ admits an RCLL modification 
y^'". As a consequence, the first time after v when the process V^''^ coincides with the process Y, is an optimal 
stopping time for the robust optimal stopping problem p.ip . 



Theorem 3.2. Regularity of the Value: Let us fix a stopping time v e 5o,t- 

(1) The process \\^ty^^V {t{v) A i)}fg[Q admits an RCLL modification V^'^ such that, for any 7 G 5o,t '■ 

V^^'' = l{^>,}V{T{y)^^), P-a.s. 

(2) Consequently, 

Tviiy) = inf{iG hT] : F,"'"' = Ft} 
is a stopping time which, in fact, attains the essential infimum in p.ip . 



(3.18) 



(3.19) 



We should point out that, in order to determine the optimal stopping time in (|l.ip . knowledge of the function 
/ in the representation (|2.ip is not necessary. Indeed, let the p— SncU envelope be the RCLL modification of 
ess sup (— (^7)); ^ G Sq^t- From our results above, the first time after v that the p-Snell envelope touches the 

reward process Y is an optimal stopping time; this is consistent with the classical theory of optimal stopping. 

4 The Saddle Point Problem 

In this section we will contruct a saddle point of the stochastic game in (|1.2p . As in the previous section, we shall 
assume here that / : [0, T] x fi x M'^ ^ [0, 00] is a ^ ^ ■^{R'^)/^{[0, 00]) -measurable function which satisfies (f 3). 
For any given Q G Qo and ly G 5o,t , let us denote 



Y,^ ^Y,+ f{s,9f)ds and V^{iy) = V{i^) + / f{s,9f)ds. 
Jo Jo 

Definition 4.1. A pair (Q*,^,) G Qo x iSo.T is called a saddle point, if for every Q G Qo and v G iSq.t we have 

Eq.{yQ') < Eq,{yQ') < Eq{yQ) . (4.1) 

Theorem 4.1. Necessary Conditions for a Saddle Point: A pair {Q*,(t*) G Qo x So,t is a saddle point, if 
the following conditions are satisfied: 

(i) Y,, =RQ'{a,), P~a.s.; 

(m) for any Q £ Qo , we have V{0) < Eq [F'3(cr,)] ; 
(in) for any v G iSo.o-* > we have V'^ (v) = Eq* {(T^)\j-y\ , P^a.s. 

To construct a saddle point, we need the following two notions. 
Definition 4.2. We call Z G H|([0, r];R'^) a BMC (short for Bounded Mean Oscillation) process if 

1/2 



A 











sup 


E 


j \Zs\''ds 













< 00. 



When Z is a BMO process, Z • B is a BMO martingale; see e.g. Kazamah \l99Jl] . 
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Definition 4.3. BSDE with Reflection: Let h : [0,T] x fl x R x R'^ ^ R be a ^ x ^(M) x ^(R'')/^(M)- 
measurahle function. Given S G Cp[0, T] and ^ e L'^(.Ft) with ^ > St, P~a.s., a triple {T,Z,K) G Cp[0, T] x 
Elp([0, T];R'^) X Kf[0, T] is called a solution to the reflected backward stochastic differential equation with terminal 
condition ^, generator h, and obstacle S {^RBSDE {£^,h,S) for short), if P—a.s., we have the comparison 

St<rt^^ + J^ h{s,Ts,Zs)ds + KT-Kt- ZsdB,, te[0,T], 
and the so-called flat-off condition 

^{r,>s,}dKs = 0, P-a.s. 

In the rest of this section we shall assume that the reward process Y G [0, T] is continuous and that the 
function / : [0, T] x x M'* ^ [0, oo] satisfies the following additional conditions: 

(HI) For every {t,uj) G [0,T] x il, the mapping z i-^ f{t,uj,z) is continuous. 

(H2) It holds dt ® dP-a.c. that 

f{t,Lu,z)>e\z-Ttiuj)\^~i, yzeR'^. 
Here £ > is a real contant, T is an M''— valued process with ||T||oo = ess sup |Tt(a;)| < oo, and £ > e||T||^. 

(t,w)G[0,T] xO 

(H3) For any {t, uj, u) G [0, T] x O x M'', the mapping z i-^ f{t, oj, z) + {u, z) attains its infimum over R'^ at some 
z* = z*{t,u!,u) G R'', namely, 

7(t,c^,u)= inf {f{t,LO,z) + {u,z)) ^ f{t,uj,z*{t,u;,u)) + {u,z*{t,u,u)). (4.2) 

Without loss of generality, we can assume that the mapping z* : [0,T] x Q x Rf_^Mfjs ^ ® ^(R'')/^(M'')- 
measurable t hanks to the Measurable Selection Theorem (see e.g. Lemma 1 of iBenes or Lemma 16.34 of 



Elliott 



198^ ). We further assume that there exist a non-negative BMO process ip and a M > such that for 



dt » dP-a.e. {t, lu) g [0, T] x D, 

\z*{t,uj,u)\<'tljt{'^)+M\u\, VwGR'^. 

Example 4.1. Let A > and let A, T G H^([0, T]; R'') with Af(w) > £ > 0, dt (g) dP-a..e. Define 

fit,u;,z) = Atiio) {\z - Tt(c^)|'+^ - |Tt(c.)|'+') , V(i,c.,z) G [0,T] x 17 x R-^. 

Clearly, /+ = /VO is a ^ (g) ^(R'^)/^([0, oo])-measurable function that satisfies (f 3) and (HI). It turns out that 
/+ satisfies (H2), since dt O dP—a.e. we have that 

f+{t,uj,z) > f{t,iu,z)>At{u;)(\z-Tt{u;)f-l)-At{o^)\Tt{uj) 
For any {t, uj, u) G [0, T] x O x R'' the gradient 



2+A 



> e\z - Tt{cu)\' - ||A|U (1 + ||T||L+^) , Vz G R'^ , 



V4/(i, u, z) + {u, z)) = (2 + \)kt{uj)\z - Tt{u)\^{z - Tt{uj)) + u, Vz G R'', 

is null only at zit, lo,u) — — [(2 + A)At(ijj)] |upT+^u + T((aj), where the mapping z f{t, oj, z) + {u, z) attains 

its infimum over R''. When > rt{uj) = (2 + A)Af (w)|Tt(w)|i+^, z{t,uj,u) G A = {z G R'' : |z-Tt(w)| > \Tt{uo)\}. 
It follows that 

inf^ {f^{t^^^z) + {u,z)) < f+{t,uj,z{t,uj,u)) + {u,z{t,uj,u)) = f{t,uj,z{t,uj,u)) + {u,z{t,uj,u)) 

= ini{f{t,0J,z) + {u,z))<{ni(f+{t,LU,z) + {u,z)). (4.3) 
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On the other hand, when \u\ < rt{uj) or equivalently z{t, uj, u) ^ A, the gradient \/z {f{t, oj, z) + {u, z}) ^ for any 
z G j4, which imphes that the mapping z — > /(i, w, z) + (m, can not attain its infimum over A at an interior point 
of it. Thus 



inf + (m,z}) = inf + (u,z)) = inf 



Then it follows that 



inf (f'^(t, u!, z) + (u, z)) — inf (u, z) A inf if it, ut, z) + (u, z)) = inf (m, z). 

zeR<i ^ ' zeA" zeA z£A^ 

The latter infimum is attained uniquely at some 'z{t,LU,u) e A'^, which together with (|4.3p implies that 

Z*{t, UJ, u) = l[\u\>rt(ij)}z(t, UJ, u) + l{\u\<rt(uj)}z{t, UJ , u) . 

Therefore, /+ satisfies (H3), since for dt eg) dP—a.e. {t,uj) G [0,T] x 57 we have 

\z*{t,uj,u)\ < \z{t,uj,u)\ + \z{t,uj,u)\< {{2 + X)ey^\u\^ +3\\T\\ao 
< ((2 + A)e)"^|u| + ((2 + A)£)"^ +3||T||oo, VueM'*. 
Remark 4.1. The "entropic" risk measure with risk tolerance coefficient r > 0, namely 

= rlog{E[e-^^\T.]}, ^eh^iT^), 



is a typical example of a dynamic convex risk measures satisfying (Al)-(A4). The corresponding / in (|2.ip is 

/(z) = §|z|2, zeM''. 

Example 4.2. Let b^, b^ be two real- valued processes such that —w < bl{uj) < < b^{uj) < w, dt® dP—a.e. for 
some w > Let (p : [0, T] x x K ^ M be a (8) .^(M) /^(R)-measurable function that satisfies the following two 
assumptions: 

(i) For any (t,uj) G [0, T] x f2, ip(^t,uj, •) is a bijective locally-integrable function or a continuous surjective locally- 
integrable function on M. 

(ii) For some £1,62 > 0, it holds dt (g) dP—a.e. that 

^(t UJX)^ - (2ei^ + feK'^))vO, ifa;>0, 
uJ,x)<^ ^ + AO, if x < 0. 

Then f{t,uj,z) = ip{t,uj,x)dx, z G M defines a ^ ^(R)/^([0, cx3])-measurable non-negative function that 
satisfies (f 3) and (HI). Let e = £1 A 62- For dt ® dP-a.e. (i, lj) G [0, T] x Jl, if z > 0, then 

f{t,uj,z) > [ i2eix + bl(uj))dx = eiz^ + bl{uj)z > ez'^ - vjz ^ e (z - —) - — ; 

Jo ^ 2e/ 4e 

on the other hand, if z < 0, then 

/o ^0 
(p{t,uj,x)dx > — / (2622; -t- fej = £2^^ + 6* > + ra^z 

1 / ti7\2 1 / SruV 5n72 

Thus it holds ® dP-a.e. that /(<, w, z) > ^ {z - - i.e., (H2) is satisfied. 

For any {t, uj, u) G [0, T] x 57 x M, since ^ {f{t, uj, z) + uz) — ip{t, uj, z) + u, the mapping z 1-^ /(t, z) -I- mz 
attains its infimum over R at each z G {z G K : ip{t,uj,z) — x}. Thus ipZ^{t,uj,x) < z*{t,uj,u) < ipy{t,uj,x), 
where 

(pZ^{t, UJ, x) ^ inf{z G M : (p{t, uj, z) — x} and (py{t, uj, x) = sup{z G M : f{t, uj, z) — a;}. 
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It is clear that ip (^t , iv , ip _^ {t , u , x)') = x and (t, w, a;, a;)) — x. For dt ® dP—a.e. {t,uj) E [0,T] x V, and 

w £ M, if ipZ^{t,Lu,x) > 0, then 

-u = ip [t,uj,(p~'^{t,uj, -u)) > 2eiipZ^{t,uj,x) + fot (w), 

which implies that < ipZ^{t,uj,x) < +tu). On the other hand, if tpZ^ {t,uj, x) < 0, one can deduce that 

— + tu) < LpZ^{t,Lu,x) < by a similar argument. Hence |(y9~"'^(t, a;) | < +07). Similarly, this 

inequality also holds for ip^^{t,LU,x), thus for z*{t,Lu,u). As a result, (H3) is also satisfied. □ 

One can easily deduce from (H2) and (f 3) that dt dP—a..e. 



1 + £ , 
4£ ' 



-||Tf^-^</(t,c^,u)<0, Vmg: 



which shows that / has quadratic growth in u. Thanks to Theorems 1 and 3 of lKobvlanski et al.l 2002l |. the RBSDE 
iYTj,Y) admits a solution (f , Z, ^) e C^[0,T] x IHI|([G, T]; K'') x Kf[0,T]. 

In fact, Z is a BMO process. To see this, we set K= ^v(||Tf + £). For any ly G 5o,t, applying Ito's formula 



to e we get 



Zs\'^ds ^ e-^^^^ - An I e-^""^' f{s, Z,)ds ~ Ak e-^""^' dK, + Ak e'^'^^'ZsdB, 



(1 + \Z,\'^)ds + 4k / e"^''^''Z,dB,. 



Taking conditional expectations in the above expression, we obtain 



-4K||r|| 



< E 



iZJ^ds 



4k2 



-4:kYt 



„4K||r||oe2^ 



which implies that \Z\\bmo < e'*''"^"^ (3^ + ^)^^^ 

Since the mapping z* : [0, T] x f7 x M'* ^ M'* is ^ «) ^(M'')/^(R'*)-measurable (see (H3)), 

0;{uj) = z*[t,LO,Zt[u)), [t.Lo) e [G,T] X n 
is a predictable process. It follows from (H3) that for any v e [0, T] 



(4.4) 



E 



ez?ds 



< 2E 



ifj^ds 



2M^E 



iZJ'ds 



P-a.s. 



which implies that 9* is a BMO process. 



A 



Fix u € So t- Since 9^''^ = l{t>i,}6'(, t g [0,T] is also a BMO process, we know from Theorem 2.3 of 



Kazamaki 



19941 that the stochastic exponential {(f {9*''^ • B)^ }te[Q t] ^ uniformly integrable martingale. There- 



A 



fore, dQ*^" = S' {9*'" • S)^ dP defines a probabihty measure Q*'" eP„. As 

/(s, Zs) = f{s, z*(s, Z,)) + (Z„ z*(s, Zs)) = /(s, 9:) + {Z,,9:), dt ® dP-a.e. 
by (|4.2p and (|4.4p and the Girsanov Theorem, we can deduce 



Yt 



T 



f{s,9:n + {Zs,9*f) 



ds + i^T - K^yt 
■T 



Yt+ fis,9r)ds + 



Kt - K,yt - f ZsdBf" , < e [0, T], 



(4.5) 



where B'^ is a Brownian Motion under Q*'^ . Letting t = and taking the expectation i?Q*,^ yield that 



f.-Ft <2||r|| 



thus Q*''^ G Qjy. The lemma below shows that F is indistinguishable from R'^ ' on the stochastic interval TJ. 
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Lemma 4.1. Given v G iSo,T; it holds P—a.s. that 



(4.6) 



Let A: G N and Q G Qf;. It is easy to see that the function /iq(s, uj, z) = /(s, w, 6^{uj)) + {z, 6^(1^)) is Lipschitz 
continuous in z: to wit, for dt Cg) dP—a.e.{t, uj) G [0, T] x i7 

^ • |z- z'l < fc|z-z'|, Vz,z' G R''. 



\hQ{s,U!, z) - hQ{s,uj, z')\ ^ \{z - z', 
Moreover, we have 



< 



e[ \hQ{s,0)\^ds^E [ \fis,ef)\^ds = E [ \f{s,9f)\^ds<k^T. 

Jo Jo Ju 



Theorem 5.2 of IEI Karoui et al.l 1997 assures now that there exists a unique solution (r'3,Z'5,ifQ) G C|[0,T] : 
H|([0, T];M'') X IKf[0,T] to the RBST)¥.{YT,hQ,Y). Fix t G [0,T]. For any 7 G St,T, Girsanov Theorem imphes 

r? = Yt + j\Q{s,Zf)ds + K^^Kf ~ ZfdBs 

= + J^' f{s,ef)ds + KQ -K? ^ J^'' Z^dBf, P-a.s., 

where B'^ is a Brownian Motion under Q. By analogy with Lemma [4.11 it holds P—a.s. that 

Tf=Rf'°, ViG[0,T]. 
In particular, we see that RQ'° is, in fact, a continuous process. 



(4.7) 



Next, we recall a comparison theorem of RBSDEs; see Theorem 4.1 of IEI Karoui et al.l 1997|. (We restate it in 
a more general form.) 

Proposition 4.1. Let{T,Z,K) [resp. {T',Z',K')) be a solution of RBSDE h, S) {resp. RBSDE , h' , S')) in 
the sense of Definition \4.S\ Additionally, assume that 
(i) either h or h' is Lipschitz in {y,z); 

(a) it holds P—a.s. that ^ < ^' and St < S'^ for any t G [0, T]; 
(Hi) it holds dt ® dP—a.e. that h{t, uj, y, z) < h'{t, uj, y, z) for any [y, z) G M x . 
Then it holds P—a.s. that Tt < Fj for any t G [0,T]. 
Since it holds dt ® dP—a.c. that 

fit, u, u) = inf (/(i, Lo, z) + {u, z)) < f{s, UJ, efiuj)) + {u, 9f{uj)) = /iq(s, lo, u), Vu G M'^. 



we see from Proposition 14. II and (|4.7p that we have P—a.s. 

ft<rf = Rf^°, VtG[0,T]. 



(4.8) 



Letting t = v, taking the essential infimum of right-hand-side over Q G Q^, and then letting k 00, we can deduce 
from Lemma US ([Xg]) . and that 

Rf "'° = < lim i cssinf P?'° = lim j essinf i?'3(i/) = V{i^) = V{v) < R'^''\v) = P^?* "'", P-a.s. 



which implies that ¥{1^) = T,j, P—a.s. Applying Lemma [01 and p.3p once again yields that 

V{iy) =f^ = Rf'" = R^'iv), P-a.s. 



(4.9) 



where Q* = Q*'° G Qo- It is clear that dQ* = dQ*'° = {6*'° • B)^ dP ^ S [9* • B)^ dP . 



We are now ready to state the main result of this section. 
Theorem 4.2. Existence of a Saddle Point: The pair {Q*,t^ (0)) is a saddle point as in 
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5 Proofs 

5.1 Proof of the Results in Sections [2] and [3] 

Proof of Proposition [HT} iBion-NadaJ |2009l Proposition 1] shows that 

P,^,f{0 = ess sup (-Eg [-d-?^!^] -cti^,f{Q)), P-a.s. 



(5.1) 



Here we have set Qiy^f = {Q G Vu : EQ[a,y,^{Q)\ < oo} , and the quantity 



A 



"1^,7 (Q) = esssup [EqI-i-iIJ^^] - p^_-^{t]) 

is known as the "minimal p enalty" of p^^-y . (The representation (|5.ip was shown for Q <K P rather than 
Q ~ P in Bion-Nadal 2009l |. However, o ur assumption (A4) a s sures that (|5.ip also holds. For a proof, see 



Follmer and Penner 



2006, Lemma 3.5] and Kloppel and Schweizeil |2007i Theorem 3.1]. 



Thanks to Delbaen et al. 20091 Theorem 5(i) and the proof of Proposition 9(v)], there exists a nonnegative 
function / : [0, T] x x R'^ — > [0, oo] satisfying (f l)-(f 3), such that for each Q e Qi,^^ we have 



ds 



Ty ) , P-a.s. 



Hence we can rewrite Q^^^ {Q e "P^ : Eq fj f{s,0'^)ds < oo] , and (|5.1|) becomes 



Pv^iiO = esssup Eq 
Since Qi, = Qu.t C Qv^-y , it follows readily that 



-e- r f{s,ef)ds 



P-a.s. 



(5.2) 



ess inf En 



Yy+ I f{s,9f]ds > ess M Eq j f{s,ef)ds 



, P— a.s. 



(5.3) 



On the other hand, for any given Q e Qi^.^, the predictable process 



A 



L{t<7}C't , 



i € [0, T] induces a probability 



measure QeV^ via dQ = ^{9^ • B)^ dP . Since /(t, Of) = l{t<^}/(i, Of), dt (g) dP-a.e. from (f 3), it follows 



Ep 



f{s,9f)ds^EQ f{s,9f)d.s = Eq f{.s,eQ)ds<^ 



thus Q G Q,y . Then we can deduce 



ess inf En 



f{s,9f)ds 



< Eq 

= Eq 



Yy+ / f{s,ef)ds 



E^ 



P-a.s. 



Taking the essential infimum of the right-hand-side over Q G Qi/,7 yields 



ess inf En 



Y^+ r f{s,9f)ds 

J V 



< ess inf En 



f{s,9f)ds 



this, together with (|5.3p and (|5.2p . proves (|2.ip . 



/(s,0?)ds 



P— a.s. 



□ 



Proof of Lemma 13. It (1) Since {2^}^,^^, is an increasing sequence of sets contained in Q,y, it follows that 



ess inf Eq 
QeQ^ ^ 



Y,+ r f{s,9f)ds 



< lim I ess inf Eq 



f{s,9f)ds 



P-a.s. 



(5.4) 
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Now let us fix a probability measure Q £ Qu , and define the stopping times 

<5,^. - inf {t G [v,T] : jl + |'] > m} A T, m G N. 



It is easy to see that lim f 5^ = P— a.s. For any (m, k) G N^, the predictable process 



t G [0, T] induces a probabihty measure Q™^'^ G Qf; by 

dQ™^'^ = S{e^""'' •B)^-dP (5.5) 
(recall the notation of p.5p '). It follows from (f 3) that 

= 1o<a-«}1a«,/(*'^?)' dt®dP~a.e. (5.6) 
Then we can deduce from Bayes' Rule (see, e.g., Karatzas and Shrevel 1991 . Lemma 3.5.3]) that 



ess inf En 



E 



E 



7^ \ Y 



i^Qj{s,ef)ds 



~E 



Q ] \ 



E 



f{s,ef)ds 



^f{s,ef)ds 



< E 



< {\\Y\\^ + m)-E 



+ \\y\\oo-E 



Er 



f{s,0f)ds 



< \\Y\\^ + m)-E 



\Y\\^,-E 



-Ec 



Y^+ \ fis,ef)ds 



P-a.s. 



(5.7) 



From the equation p.6p and the Dominated Convergence Theorem, we observe 



lim E 



lim / " (1 - l^Q )|6l?|^ds = 0, 



Ihus we can nnd a subsequence or we still denote it by \ , \ \ such that 



lim / l^Q efdBs= I 0?dB, and lim / 1,q \09\''ds^ 



ds, P— a.s. 



and consequently, P— a.s. : 



lim Z^j, = lim 

k — >oo ' k — >oo 



exp {(^fdBs ~ l\0?\'ds)^ = exp |^'" (^fdP, - 



ds]} = Z 



Since E(^Z^j. | JT^) = E(^Z^^q | J^^) = 1, P— a.s. for any fc G N, it follows from Scheffe's Lemma (see e.g. IWilliams 



199ll Section 5.10]) that 



Hm E 



zT. 



0, P-a.s. 



(5.8) 
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Hence, letting fc ^ oo in (|5.7p . we obtain 



lim I ess inf En 



< Er 





rl 


ef)ds 






+ 


J u 


0f)ds 




-^\\y\\oo-E 



\yQ yQ \ 



P-a.s. 



(5.9) 



It is easy to see that lim | = T, a.s. The right-continuity of the process then imphes that hm 



Z^j,, p-a.s. Since E 
we obtain 



= E 



Z. 



= 1 , P— a.s. for any m G N, using Scheffe's Lemma once again 



lim E 



yW yW 



Therefore, letting m — > cx) in (|5.9p we obtain 



lim J, ess inf En 



<Eq 



= 0, P-a.s. 



(5.10) 



P— a.s. 



Taking the essential infimum of right-hand-side over Q G Qi, gives 



lim I ess inf i?Q 



Y^ 



f{s,ef)ds 



< ess inf En 



p-a.s. 



which, together with (|5.4p . proves (|3.7p . 
(2) By analogy with (|5.4p . we have 



essinf P'^(z^) < lim I ess inf P^(iy), P-a.s. 

Q6S^ fe^oo QGQfc 



(5.11) 



Taking the essential supremum in (|5.7p over 7 e 5,y^T we get 

essinf P'3(zy) < i?'5"''°(i/) < b9 iv) ^ {\\Y\\^ ^ m) ■ E 



P-a.s 



(5.12) 



In light of (|5.8p and (|5.10p . letting k ^ 00 and subsequently letting m ^ 00 in (|5.12p . we obtain 

lim i essinf P'5(iy) < R'^{v), P-a.s. 

Taking the essential infimum of right-hand-side over Q E Qu yields lim J, essvui (v) < ess inf (i/) , P-a.s. 

□ 



which, together with (|5.1ip . proves ([37 

Proof of Lemma 13. 2t (1) We first show that the family < Eq Y^+ JJ /(s,6'^)(is J-iy > is directed down- 
wards, i.e., for any Qi,Q2 G Qji, there exists a G Qjj such that 



E, 



Q3 



/ f{s,9f')ds 



<E, 



Qi 



AEr 



Y-,+ / f{s,0f')ds 



To see this, we let Qi, Q2 G Oil and let A G T,j. It is clear that 



p-a.s. (5.13) 



(5.14) 



A 



forms a predictable process, thus we can define a probability measure Q3 G ^A^ via dQs — S" [9^^ • 



follows from (f 3) that 



f{t,of') = i{,>,j (iAf{t,ef') + iA^f{t,ef')') , dt®dP-a.e.. 



(5.15) 
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which together with dnHH) implies that ^^-^ = ® dP-a.e. on |0, j/] and \ef''{ijj)\yf[t,uj,9f'''{ijj)) = lA{uj)\of^ {uj)\y 
f{t,oj,ef\uj))+lA^{oj)\9f^{uj)\y f{t,oj,ef\ijj)) <k,dt(g)dP-a.e. on]i^,r]. Hence Qa e Q^- For any 7 e 5^,t, 



we have 



zQ3 - 

— 



= -l-A 



exp - i I'rfsj + 1a= exp - i 



(5.16) 



Then Bayes' Rule implies that 



^Q3 



^7+ / f{s.,6'^^)ds 



Z%\y^,^ \ f{s,0?')ds 



= E 



IaZ^} (y,+ £ f{s,ef^)ds^ + iA^z^} (y,+ £ f{s,ef^)ds 



'i-A'=EQ^ 



P-a.s. 



Letting A = {Eq, [y^+ JJ f{s, 9f^)ds 



< Er 



/J /(s, 9f^)ds Tu I G j^iy above, one obtains that 



(5.17) 



Er 



>"7+ / 



Er 



AEr 



r f{s,ef^)ds 



P-a.s. 



Y-,+ / f{s,df')ds 

J V 

proving (|5.13p . Appealing to the basic properties of the essential infimum (e.g., Neveul [l975l Proposition VI-1-1]), 
we can find a sequence 

I*?" ''}«eN 2^ such that (EH) holds. 
(2) Taking essential suprema over 7 S Sv_t on both sides of (|5.17p . we can deduce from Lemma [2. II that 



pP^'iy) = esssupi?Q3 

7S5„,T 



Y^+ / 



= lyi ess sup i?Qj 



Ia" ess sup £^Q2 

765„,T 



J V 

= lAi?''^'^) + lA-i?'^'(i^), P-a.s. 
Taking A = {B9^(y) < R^^{v)} e yields that P'S^ (j,) = RQ^{iy)ARQ^{v), P-a.s., thus the family {P'3(i/)}QgQfc 
is directed downwards. Applying Proposition VI-1-1 of Neveu 1975 | once again, one can find a sequence {Ql^^}n(EN 
in such that (jXTO)) holds. □ 

Proof of Lemma 13. 3t Let Qi, Q2 G Q^. We define the stopping time 7 = t'^^{u) A t^^{v) G 5i/.t and the event 
A = {P^i''^ < P^^'"} e J^^. It is clear that 



ef ' = 1{,>^} (lAOf' + l^e^Q^) , t G [0,T] 



(5.18) 



forms a predictable process, thus we can define a probability measure Q3 G TW^ by (dQs/dP) = <f (6''33 • P)^. By 
analogy with (|5.15p , we have 



f{t,9?') = i{t>^} (iAf{t,ef') + iA^f{t,9f')) , dt® dP- 



(5.19) 



which together with (jgl^ implies that 0'^'' = 0, dt®dP-&.e. on |0,7] and |6'f"(Lj)| V /(i, cj, 6*^ ' (w)) < fc, 
dt (g) dP—a.e. on ]7, P]. Hence Q3 G Q!^ C Q^, thanks to Remark [3^ Moreover, by analogy with (|5.16p . we can 
deduce that for any G S-y^T we have 



^^^l = 1^^:;^^ + ImZ^I , p-a.s. 



(5.20) 
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Now fix t e [0,T]. For any a e 5^vt,T, ([OOl) shows that 



7,(7" 



= 1a 



7,7Vt 



^Q2 



Q2 



P— a.s., 



7,7Vi '^7,7Vt ^7,7Vi 

and Baycs' Rule together with (j5.19|) imply then 



Q3 



/■yVt 

= E 



E 



7Vt 



7Vt 



\ J-yVt / \ v'7Vt / 

Ya+ r f{s,9f-)ds 



7Vt 



J^Mt 



P-a.s. 



Taking essential suprema over a G S^yt.T on both sides above, we can deduce from Lemma l2.1l as well as 
P^^f = B^' (7 V <) = \aB9' (7 V <) + lAeP'^^ (7 V i) = \AR%t + P-a.s. 



that 



Since P^-°, i = 1, 2, 3 are all RCLL processes, we have R^^f = ^aR^'i + lA<^P7vf , Vi G [0, T] outside a null 
set A^, and this implies 

tQ3(i.) = inf e hT] : P?^'° = y*} < inf {< e [7,r] : P?^"" = Ft} 

= l^infjie [7,T] : P?^^° = yt} + l^cinf{fe [7,T] : P?^^° = yt}, P-a.s. (5.21) 



Since P 



Q,,0 



Y^Qj^^y P— a.s. for j = 1,2, and since 7 = r'^i (i/) A T^^^i^iy)^ it holds P— a.s. that Y-^ is equal 



either to P^i'° or to P^^-^. Then the definition of the set A shows that P^i'° = y^ holds P-a.s. on A, and that 
P^='" = y-, holds P —a.s. on both of which further imply that 

lAinf{ie[7,P]: P?''° = y*}=7lA and l^e inf {< e [7, P] : P?''° - y*} - 7!^=, ^-a.s. 

We conclude from (|5.2ip that t^^{i^) < 7 = r'5i(i^) A t^'^{v) holds P-a.s., hence the family {T^{v)}Q^Qk is 

I975I page 121], we can find a sequence IqI'^^I in , such that 



directed downwards. Thanks to Neveu 



TkW) = ess inf t*^ (j/) = lim J. t*^" ' (j^) , P-a.s. The limit lim J. t*^'> \v) is also a stopping time in S^t- 

Proof of Lemma I3.4t It is easy to see from p.l2p and (f 3) that 

6)<3' =e^ = Q, dt® dP-a.e. on |0, ly], 



and that 



As a result 



=l{t<^}/(i,0?)+l{t>^}/(i,0f), dt®dP-!i.e. 



□ 

(5.22) 
(5.23) 



Er 



f{s,ef)ds = Eq, / /(s,0?)ds + PQ, / /(s,0?)ds 

J 1/ J 

< Eq f{s,9f)ds + EQ,J^ kds<EQ f{s,9f)ds + kT < 00, 

J y J u 



thus Q' e Q^. If Q e Q^, we see from (j?!^ and ([g?^ that 



(w)| V/ (t,w,6lf (w)) < /c dt® dP-a.e. on ]i/,7], 
ef {uj)\\J f (t, uj, ef {uj))<k dt® dP-a.e. on ]7, P] , 
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which, together with (|5.22p . shows that Q' e Qj^. 

Now we fix (T G S^,T- For any 5 G 5ct,t, Bayes' Rule shows 



Eq' Ys+ f(s,0f']dsJ'„ 
and (|3.3p implies 



= Ep 



Y5+ f f{s,0f) 



ds 



P— a.s., 



ess sup Eq' 



ess sup 



Ys + f[s,0f')ds 



n+ / f{s,e'^]ds 



= R^{g) = Rf^, P-a.s. 



□ 



Proof of Theorem I3.H Fix Q G Q^. For any m, fc G N, we consider the probability measure Q^-^ G 
as defined in (|5.5[) . In light of Lemma [3.3i for any I G N there exists a sequence {Qri''}„gpj in such that 
Ti(!/) = lim I T'3"'(i/) , P— a.s. Now let k,l,m,n ^ N with k <l. Lemma [5?^ implies that the predictable process 



L{t<r,(t.)}ft 



4t>ri(i/)}6't , 



iG [o,r] 



' Bjrp dP , such that for any t G [0, T], we have 



induces a probability measure Q™^*^'' G Q'j, via c?Q™''^'' 

f ~ ^^(ly)vt ' Since ^"5" ' and P'^"'''^ are both RCLL processes, outside a null set iV we have 



^r,(i/)Vt -^r,(iy)Vi' 



Vi G [0,T] 

and this, together with the fact that ti{v) < t'^" ' ' {v) h r*^"' [v), P— a.s. implies 



-'"'{y) - inf {t G [i^.T] : ^ r,} = inf {t G [n{y),T] : = Yt] 

= inf {< G [t,H, P] : P?''''° = Yt] = inf {< G [v, P] : P^^"''° = F*} = r^^' {i^), P-a.s. (5.24) 
Similar to (|5.6p . we have 

= l{t<r,(i^)}/ 6*? ) + l{t>T,(iy)}/ (t, 6*?" ) , 



Then one can deduce from (|5.24p and (|5.25p that 



V{v) = ess mf P«(z/) < PQ"'' V) =-Sq,t.'=.' ( 



c?t (g) dP— a.e. 



(5.25) 



P 



)ds 



Er 



f[s,0f-^')ds 



ds 



+ E 



r«" (^) 







+ PQm,fc 













ds 



< {\\Y\\^ + IT)-E 



P 



+ fc(rQ"'(j^)-r,(i/) 



+Po™.'= 



ds 



P-a.s. 



(5.26) 
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Because E 



dBs) =E 



ds < fE 



, which goes to zero as n — > oo, 



using similar arguments to those that lead to (15. 8p . we can find a subsequence of | q'^^' \ (we still denote it by 

L J neN V 



such that lim Z 



— , P-a.s. Since £^ 



any n G N, Scheffc's Lemma implies 



lim 



=0, P-a.s. 



= 1, P— a.s. for 



(5.27) 



On the other hand, since 



Z 



^c^iU^.+K^"^"^'^^)-^^^^)) <zZnl)m\oo + kT), P-a.s., 



and since Y is right-continuous, the Dominated Convergence Theorem gives 



lim E 

n — >oo 



E 



7Q" 



^l/>,(l/)^T!(f) 



EQ^,,[Yr,(^,-j\T,], P-a.s. (5.28) 



Therefore, letting n oo in (|5.26p . we can deduce from (|5.27p and (|5.28p that 



P-a.s. 



As ^ cxD, the Bounded Convergence Theorem gives 

V{v) < Eq 
whence, just as in (|5.7p . we deduce 









Yriu) 4 


-[ /(Mf>. 











P-a.s. 



ds 



< 



{\\Y\\oo+ni) -E 



7Q" 



- Z 



'Er 



P-a.s. 



\Y\\^-E 



\ Zj r> ~ ^ f \\ 



By analogy with (|5.8p and (|5.10p , one can show that for any m G N we have lim E 

k — >oo 



(5.29) 

= 0, 



Z 



P-a.s. and that lim E ^ , , n t \ 

m — > cxD in (|5.29p . we obtain 



7Q 



Q 



0, P— a.s. Therefore, letting k ^ 00 and subsequently letting 



Vil^) < Eq 



P-a.s. 



Taking the essential infimum of the right-hand-side over Q G Q,i^ yields 



Viv) < essinfi?o 



< ess sup ess inf Eq 



f{s,0f)ds 

Y^+ rf{s,df)ds 



V_{y) < V{iy), P-a.s. 



and the result follows. 



□ 
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riGN 



Proof of Proposition 13. 2t For each fixed fc £ N, there exists on the strength of Lemma [5751 a sequence {qH'^ } 
in Qj5 such that rfc(i^) = hm J. T^'" \h') , P— a.s. 

n — >oo 

For any n G N, the predictable process 0j:" = l^t>T,,{^)}(^t'' j ^ ^ [Oj ^] induces a probabihty measure 
Q^n^ by dQ^n'> = f?(Ql''^ •B)^dP = zf^^^^^dP . Since < ct = t(i/) < Tfc(i/) < t<5"'(i/), P-a.s., we have 



Q'n' e Q:^(,) C C and 



r'2""(i^) ^inf{i e [!.,T] : i?! 



Fi} = inf {i G [(7,T] : = Fi} = tQ"'((t), P-a.s. (5.30) 



We also know from Lemma [57^ that for any t G [0,T] : R^^^^^'-^y^ — Rrk(v)yt ' ^"^.s. 



Since P<3" and P<3" ' ' are both RCLL processes, there exists a null set N outside which we have R , 



Qi''' ,0 



'Tfc(i^)Vt 



Ft 



Tk{u)\jt ' * ^ [Oj^] ■ By analogy with (|5.24p and (|5.6p . respectively, we have 

t'5S''(z.) ^r'J-'Ci.), P-a.s. (5.31) 
and/(t,6ij^" ) = l{f>^,(^)}/(i, 6*^ " ), ® dP-a.e. Then we can deduce from (|5.30p . (j5.3ip that 



V{a) = V{a) = essinfP'5(^) < RQi'\a) = E^w[ r„(.), 



f{^,of'') 



ds 



E 



r«" (^) 



ds 



< {\\Y\\^ + kT)-E 



T 



E 



P-a.s. (5.32) 



Just as in (|5.27p . it can shown that lim E 

n — >oo 

Convergence Theorem implies 



Z^" -1 



Ta] ~ , P-a.s.; on the other hand, the Bounded 



lim E 

n — >oo 



:F„] =E 



P-a.s. 



Letting n ^ oo in ((O^ yields V{a) < E 
we obtain V{a) < lim E [Y^^(^)\Ta] ^ E 



Ta , P— a.s., and applying the Bomidcd Convergence Theorem 
i^crl-^cr] ~ Ya , P— a.s. The reverse inequality is rather obvious. □ 



Proof of Proposition [3T3l Fix fc G N. In light of ()3.10p . we can find a sequence {Qrf'lneN C Q't such that 



essinf P'3(^) ^ limiP^""(7), P-a.s. 



(5.33) 



For any n G N, Lemma I3T4I implies that the predictable process 9^" — l[t<-y}Ot + l{t>j}0t" ; ^ G [0;^] induces 
a probabihty measure qI''^ G via dQi''^ = ^?(6l'3i" •B)^dP, such that for any t G [0, T], P^- ' (7) = P'^S."' (^)^ 



P— a.s. Since 7 < r(z^) < t*^™ (i/), P-a.s., applying (j3.4p yields 



y(z/) < P'^" ' (i/) = P- 



i?^^='(7)+r/(M?''') 



= Er 



i?«"'(7)+ / /( 



ds 
P-a.s. 



= E- 



rQI'\j)+ / /(s,0?)ds 



(5.34) 
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It follows from that 

- ||i"||oo <Y^< ' (7) < ||y||oo + kT, P-a.s. 
Letting 71 —> cx) in (|5.34p . wc can deduce from the Bounded Convergence Theorem that 



V(iy) < Eq 



hm i R^'^ (7) 



+ Ec 



f{s,e?)ds 



^Ec 



essinfi?'5(7) + P f{s,ef)ds 



(5.35) 



, P— a.s. 



Letting n ^ 00 in (15.35p . one sees from (I5.33P that — Halloo < ess inf i?*^ (7) < ||l"||oo + kT holds P— a.s., and this 
leads to 

-lli^lloo < cssinfP'3(7) < essinfi?'5(7) < ||F||oo+T, P-a.s. 
From the Bounded Convergence Theorem and Lemma l3. II we obtain now 
V{v) < En lim i essinf ^"5(7) 

Proof of Lemma 13. 5t Fix fc G N. For any Q G Qj;, the predictable process 9f = l^tyi^v-yj^^f , t G [O;^^] induces a 
probability measure Q by (dQ/dP) = (q • ^ = Z^^ j.. Remark O shows that Q G Qly^ C Qj; n Q^. By 

analogy with ()5.6p . we have f{t, Of^ = l{t>,yV7}/ ' ® dP—a,.e. Then one can deduce that 





















+ Eq 


r f{s,0f)ds 




— Eq 


^(7)+ r f{s,0f)ds 




, P— a.s 

























- 1{^=^}Eq 




/ 












J7 



'i-{s>uV'r}f{s,0?)ds 



E, 



Q 



= E 
which implies 



1{.=7} [Yoyv^ J f{s,ef)ds 
''f{s,0f)ds 





= E 




l{i/=7} (^a\/v + 


/ 










J V 



V7 



















- \{y^^}EQ 


J V 



P-a.s., (5.36) 











1{^=7}£^Q 























, P— a.s 




J7 







> Ifj, lessinf En 

Taking the essential infimum of the left-hand-side over Q G Qj;, one can deduce from Lemma [13] that 



lfi/=7}ess inf i?Q 



Letting fc — > co, we see from Lemma |3. II (1) that 



= essinf l|^=7l& 



> l|^=7jessinf £'0 





















/'(TV7 






^V7 + 










J7 







, p-a.s. 



l|,y=7}ess inf En 





/'CrV7 












, P-a.s 




J7 







Reversing the roles of v and 7, we obtain (|3.16p . 

On the other hand, taking essential supremum over a G iSo.T on both sides of (|5.36p . we can deduce from 
Lemma 12.11 that 



l{z.=7}i?'^(7) = esssupl{i,=^}i;^ 



ess snY>l{y^^]EQ 



Y 



o"V7 



CTV7 



ds 



YaVu+ / f{s,Of)ds 



= \^,=^xB9{v), P-a.s. 
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which imphes that 1 s^i,^^^R'^ (v) > l{^^^}.ess inf , P— a.s. Taking the essential infimum of the left-hand-side 



over Q G Q|5, one can deduce from Lemma [2. II that 

\su='y\GSsmi R'^ (v) = essinf lr^^^ii?*^(i^) > 1 r^^^iess inf i?'5(7), P-a.s. 

Letting A: — > cxo, we see from Lemma [3.11 (2) that 

l{,j=^}V{v) = l{i,=^}essinf > l{^^^}ess inf i?'^(7) = l^^^.yjV{-y), P-a.s. 



Reversing the roles of ly and 7, we obtain p.l7p . 

Proof of Theorem [SUl Proof of (1). 
Step 1: For any cr, G Sq^t, we define 



□ 



A 



= l{a<,y}Ya + l{a>^} CSS inf E'g 



f{s,ef)ds 



We see from ((57)) that 



ess inf En 



= lim I ess inf Er 



Fix fc G N. In light of p.9p . we can find a sequence | Q'^n^ \ in Qj; such that 



ess inf r^v. + / f{s,Of)ds 
By analogy with (j5.35p , we have 



= lim i E. 



P— a.s.; letting n — > 00, we see from (|5.38p that 
-||r||oo < ess inf 

Therefore, 











Ya-\/i, + 

















kT 











/ f{s,e?)ds 











< lli'lloo + fcr, P-a.s. 



p-a.s. (5.37) 



P-a.s. (5.38) 



(5.39) 



\Y\\ 



< ess inf En 

< ess inf En 



Y„^ 



YaVi/ + 



f{s,e'^)ds 
f{s,ef)ds 



<|ly||oo+T, p-a.s. 



Letting A: ^ cxo, we see from (|5.37l) that 



|y||oo < essinf £;q 



<||r|U+T, p-a.s. 



which implies that 



Let 7 G 5o.T- It follows from p.l6p that 



l{!.=7}*'^(i^) = l{a<i.=7}i^CT+ l{a>i/=7}essinf 
= l{a<7=,y}'i^a+ l{^>7=i/}essinf 



<ri 


00 + r, p- 


-a.s. 














+ / /(^' 
















/'(7V7 






^ctV7 


+ / /(-^^ 















(5.40) 



(5.41) 



1{.=7}*"(7), P-a.s. (5.42) 
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Step 2: Fix a G Sqt- For any C € Sq t , & Sr t and fc e N, we let IqI''' \ C Qf; be the sequence described 
in (|5.38p . Then we can deduce that 



= l{(T<C}^CTAC + l{cr>C} ^ 



f S 



ds Tq 



•ctVC 



C 



On the other hand, it holds P— a.s. that 

C 



and that 

1{C<(T<1^} ^0"=) 



ds 



ds 



(5.43) 











y /(s,0?"")ds 











ds 



C 



1{C«T<1/} [^a^ I f{s, 



ds 



T,. 



recall the definitions of the classes Vv , Q,v from subsection 1.1. Therefore, (|5.43p reduces 



to 



l{<j<i/}yCT + l{<j>iy} -£^r 



y jds 

















, P— a.s. 



We obtain then from (|5.38p . (|5.39p and the Bounded Convergence Theorem, that 



^''^(0 < lim i E 



E 



'^{a<v^ya^'\s„^^x essinf £'q 



Yayu+^ /(s,0?"')ds 

















, P-a.s. 



On the other hand, we can deduce from (|5.37p . (|5.40p and the Bounded Convergence Theorem once again that 



*"(C) < lim i E 

k — >-oo 



i{a<u}Ya + 'i-{a>i'}eSS M Eq 



Y^v, + J /(s,0?"'')ds 

















E 



i{a<i^}Ya + l{a>,y} ej|mf Pg 









Y^y,+ f{s,ef)ds 






J u 







: P \^"(y)\T^ , P-a.s., (5.44) 



199ll . Proposition 1.3.14] 
(5.45) 



which implies that {^°^(i)}te[o,T] is a submartingale. Therefore iKaratzas and Shreve 
shows that 

P (the limit -^l'"^ = lim {qn{t)) exists for any t G [0,T]) = 1 
(where q„(<) ^ A T), and that ^''^^+ is an RCLL process. 

Step 3: For any v G iSq.t and n G N, (7n('^) takes values in a finite set 2??; = ([0,P) n {fc2-"}fcez) U {T}. Given 
an A G P^^' it holds for any m > n that (7m(A) = A since C I?™. It follows from (|5.45p that 

lim *"(g™(A)) = *"(A), P-a.s. 
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Then one can deduce from (|5.42p that 

K'X) = E 1{..H=A}*A^= E 1{,„M=A}*'^(A) - l{,„(.)=A}*'^(9nM)=*^('Z„M), P-a.s. 
AePj Aer>j aepj; 

Thus the right-continuity of the process 5'°''+ imphes that 

*^^+ = lim = hm ^''^(g„(i/)), P-a.s. (5.46) 

n-^oo n^oo 

Hence (|5.44p . (I5.4ip and the Bounded Convergence Theorem imply 

< hm E[^^q4iy))\T,] = E[^1^+\T,] = ^^'+, P-a.s. (5.47) 

In the last equality we used the fact that ^'^•'^ = lim ^'°^((7„(i/)) G JF^, thanks to the right-continuity of the 

n — >oo 

Brownian filtration F. 

Step 4: Set i^, 7 G 5o,t and ( = t{v) A 7, Cn = '''('^) 9ri(7) , Vn G N. Now, let cr G Sq^t- Since 
J-ra^T l{T(i/)>g„(7)} = l{r(i/)>7} and 

{r(:y) > 7} C {qn{l)^qn{T{v) , {t{v) > g„(7)} C {g„(7) = r(zy) A g„(7)} , Vn G N, 

one can deduce from (jCTT)) . and ((5^ that 

l{r(.)>7}*"(C) < l{rM>7}*c'^ = l{rM>7}J'™,*"('?n(C)) = „l™^l{r(.)>7}*" (9"(r(z^) A 7)) 

= ^lin^l{^(^)>,„(^)}^''^(T(i/) Ag„(7)) = l{^(^)>.^}Jim^^''^(C„^ P-a.s. (5.48) 
For any n G N, we see from (|3.14p and Lemma 12.11 that 



y{Cn) = Z(Cn) = eSSSUp CSS inf E^q 



> ess inf Er 



ess inf En 



Yayc„+ I f{s,ef)ds 



Yp+ f{s,ef)ds 



l{-<C„}n,.+ l{.>C.} ( ^-vc„+ J f{s,Of)ds 



1 {<T<C. } ^C™+ 1 {'T>a } |S| mf Ec^ 



P-a.s. 



Since {t{v) < 7} C {(„ = C = t{v)} and {cr > Cn} C {cr > C}, it follows from (|3.16p that 



't^(Cn) > l{^<C.}5^Cn+l{(T>c„,rM>7}essmf £;q 



Y.yC+ I '''^ f{s,9f)ds 



+l{^>C„,rM<7}essinfi;Q 
ye w< 

l{'T<C.i}^C,i + l{<T>C«,T(z^)>7}*'^(Cn) + l{<T>C«,T(zy)<7}*'^(C), P-a.s. 
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As n oo, the right-continuity of processes Y, (|5.48p as weh as Lemma [2.11 show that 

limV^(Cn) > l{,=C}^C + l{^>C.rM>7} l™^"(Cn) + l{a>C,r(.)<7}^"(C) 



> l{.=c}n + 1{^>C}*"(C) = M.=C}Yc + l{.>c}essinf 



(tVC 



o-VC 



ess inf iJn 
ess inf En 



Yrr 



f{s,9f)ds 



P-a.s. 



Taking the essential supremum of the right-hand-side over a G iS^.t, we obtain 



lim F(Cn) > ess sup I essinf 



= z(c) = nc), ^'-a.s. 



Let us show the reverse inequality. Fix Q G and n G N. For any fc, m G N, the predictable process 



induces a probability measure Q™'*^ G Q^^ by dQ™'*^ = ^6''5"''' « 5^ gfp ^ where 5^'" is defined by 

= inf {t G [C„, T] : /^*^ /(s, > m} A T, m G N. 

For any /3 G 5<^„,t, using arguments similar to those that lead to (|5.7p . we obtain 



/3 



< (||r||oo + m) 



Then taking the essential supremum of both sides over /3 G >S(^„,t yields that 

rnlE 



P-a.s. 



essinfi?«(C„) < R'^"-{Cn)<{\\Y\ 



Just as in (15.81). we can show that 



hm E 

k — 'oo 



yQ^ 7Q 



= 0, p-a.s. 



Therefore, letting fc ^ 00 in (|5.50p . we know from Lemma [01 (2) that 



ViCn) - lim i essinf P«(C„) < ||F||oo -^^ 



Z 



R'^iCn), P-a.s. 



Next, by analogy with (|5.10p . we have lim E( 

m — >oo \ 

we obtain V{Cn) 
p.3p . imply that 



(5.49) 



(5.50) 



(5.51) 



— 0, P— a.s. Letting m ^ cxd in (I5.5ip . 



we obtain V^(Cn) < R'^id) — P?'*^, P— a.s. from (|3.3p . Then the right-continuity of the process P'^^°, as well as 



lim ViCn) < lim P^'° = P^'° = R^{0, P-a.s. 



5.1 Proof of the Results in Sections\^ and\^ 



25 



Taking the essential infimum of R^{C) over Q e Qr yields lim V{Cn) < ess inf i?<3 (C) = ^(C) = V{C) , P-a.s. 

n^oo QeQc 

This inequality, together with (|5.49p . shows that 

lim y(T(iy) Aq„(7)) = y(r(j/) A7), P-a.s. (5.52) 

Step 5: Now fix e So,t- It is clear that P e and that 0^ = 0. For any t e [0, T], (PT7)l imphes that 

l{t>u}V{T{iy) At)= l[t>,yV{T{iy) A (t V P-a.s., 
since {t > i^} C {T{u)At = t{i^) A V Then we can deduce from (|XT51) . (f 3), and (PH)) that for any s G [0,t) 



< l{s>.}E 



V{T{v)h{tyv))+ I f{r,eP)dr 



V{T{iy) A (tVv)) 



{v)r\s 



= E 



< E 



E 



l{t>u}V{T{v) A{tV l^)) + l[t>u>s}\\y\\ 



^ T{v)r\{s\jv) 

^ T{iy)As 



t{v)I\& 



E 



l{t>,4 {V{T{v)At) + \\Y\U 



i{.>.}nic 



E 



- l{s>,4l|F||oo, P-a.s., 



which shows that |l{4>,^i, (yijiy) A i) + ||F||oo) | is a submartingale. Hence it follows from Karatzas and Shreve 
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P (the limit V^''' = lim \i^^^^fy~>^}V {t{v) A g„(t)) exists for any t G [0, T]) = 1, 

and that V'^'^ is an RCLL process. 

Let C £ take values in a finite set {ii < • • • < i™}. For any A G {1 ■ • -m} and n G N, since {C = t\\ C 
\t{v) a q,i(C) — t{v) Aqn{t\)\, one can deduce from (|3.17p that 



i{c=t.}^^ k^{^) A g„(C)) - i{c=f.}^ (^(i') A <z«(<a)) , P- 



As n ^ 00, (|5.52p shows 



l{tA>^} l{C=tA}^ (^(f^) A gn(C)) = l{c>^}l{c=t.}^ {-riy) A C) , P-a.s. 



Summing the above expression over A, we obtain V^''^ = l{^>,yjy ijiy) A C)i P— a-S. Then for any 7 G 5o.t, the 
right-continuity of the process V^^^ and (|5.52p imply 

V^^^ = J™,!/"-;'^) = Jim 1{,„(^)>,}1/ {riv) A g„(7)) = 1{^>.}1^ {r{v) A 7) , P-a.s., 

proving p.lSp . In particular, V^^'^ is an RCLL modification of the process {l{t>y}y {j{v) A i)}tg[Q yj- 

Proof of Theorem [am Proof of (2). Proposition [32] and (|3T8l) imply that V^^'^^ = V {r{v)) = y^(^), 
P-a.s. Hence we can deduce from the right-continuity of processes V^^'^ and Y that Ty(y) in ()3.19|) is a stopping 
time belonging to and that 

= = ^(Ty(i')), P-a.s., 
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where the second equahty is due to (|3.18p . Then it follows from p.lSp that for any Q £ Q„ 



Viiy) < Eq 









pTvil') 












^ / f{s,OQ)ds 




, P— a.s 



Taking the essential infimum of the right-hand-side over Q € Qi, yields that 



VM < ess inf En 



< ess sup ess inf Eq 



Yy+ f{s, 



-■Y_{v)^V{y), P-a.s., 



from which the claim follows. 



□ 



5.2 Proof of the Results in Section H] 
Proof of Theorem I4.lt It is easy to see from (i) that 

Ya, ^ l/(cr*) ^ R^'i<7*), P-a.s. 

which together with (ii) and (iii) shows that for any Q G Qo 



(5.53) 



Eo' 



= Eq, [v'^' (a.)] = VQ' (0) = V{0) < Eq [V^ia^)] = Eq [Y^] . 



Thus the second inequahty in (|4.ip holds for ((3*,(t*). Now we show that {Q*,a^) satisfies the first inequahty in 
(|4.ip in three steps: 

• When ly G iSccr. , property (iii) and (|5.53[) imply that 



yQ* < vQ' (:/) = Eq, [yQ* ia,)\Tj = Eq, Iy^J 



, P— a.s. 



(5.54) 



Taking the expectation Eq, on both sides yields that Eq, \Y^ ] < Eq, [yj^ ] . 
• When V G Sa, ,t , it follows from (|5.53p that 



En, 



Y,9' 



- Eq, 

< En, 



Ec 



Y.+ f{s,ef)dsT„, + f{s,9f)ds 



^En, 



• For a general stopping time ly G iSo,t, let us define J^i = A a* G Sq.o-, and = V cr* G Sa,,T- Since 
{ly < a^} e J-u/\a, — J'vx , one can deduce from (|5.54p that 



Eq,[yQ'] = EQ,\EQ,\l{,<,,}YQ'+l[,y,,yYQ'\T, 



^En, 



U.<.,}Y,T + 1{.>..}Eq, \yQ' \T, 



< Eq, 
= Eq, 

< Eq, 



i{.>a,}EQ, \yQ'\tJ] = Eq,[yQ'] 



'^{v<a,}EQ 



yQ* I TT 



□ 



Proof of Lemma I4.lt Fix t G [0, T]. For any 7 G S^\/t,T: we see from (|4.5p that 

r.vt = r^+ r /(s,C)ds + i?^-x,.vt- r Z,dBf\ p-a.s. 
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Applying Eq^-.i^ [■ |Jvvt] to both sides, we obtain 



> Eo'--^ 



JuVt 

Jvyt 



P-a.s. 



(5.55) 
(5.56) 



A 



Let (J*^,y^ = inf{s G [i^ V T] : = l^s} G Sy\it;T- The flat-off condition satisfied by (r,Z, i^T), and the continuity 
of imply that 



= 



dKs = lim Kg - K^^jt = K„* - K^yt, P-a.s. 



Hence, taking 7 — al^^ in (|5.55p . we obtain the F— a.s. property T^yt = Eq>.v Y^*^^ + Jv\/t* fi^^^s'^)ds 
which, together with (|5.56p and (|3.3p . shows that 

r^yt= ess sup Eq,,. f{s,0t''')ds T^yt = i?^"" (i^ V t) = i??vt -P^a.s. 



Then the right-continuity of the processes F and R'^ implies (|4.6p . □ 

Proof of Theorem 14.21 : We shall show that {Q* ,t'^' (0)) satisfies conditions (i)-(iii) of Theorem 14. II 

1) It follows easily from Proposition O that Y^q-(^q) = R%'°f^Q-^ = i?^' (t^* (0)) , P-a.s. 

2) For any fc G N and Q G Q§, we can deduce from (14. 9p . the right-continuity of processes R^ and F, as well as 
that P— a.s. 



=Ft < VtG[0,r]. 

In particular, we have 1Vq(o) < ^^q(o) = ^?«*(o) ~ ^r«(o)j P— a.s. Hence Ft-qj-q) — R'^q'^^y P— a.s., which implies 
further that t'^ (0) < t'3(0), P— a.s. Taking the essential infimum of right-hand-side over Q G Qq and letting 
fc ^ 00 , we deduce that, in the notation of (|3.1ip . wc have t'^ (0) < lim | essinfT'5(0) — t(0) , P— a.s. Then 

(|XTa shows F(0) < Eq [l/^(r'3*(0))] for any Q G Qo • 

3) For any G 5q t-q*(o), and since v <t'^ (0) < r*^ (i^) holds P— a.s., one can deduce from (|4.9p and (|3.4p that 



,Q,0 



T/«*(z.) = R'^\v)+ / /(s,0:)ds = i?(; 



r«*(0) 



pQ*(rQ*(0))+ / /(s,0:)ds 



(0) 



p«*(tQ*(o))+ / /(s,0:)ds 



FQ*(r«*(0)) 



+ / /(s,0:)ds 

JO 



P-a.s. 



□ 
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